We present approximate analytical expressions describing the optical bistability phenomenon in a plasmonic-gapwaveguide-based nonlinear device. The device is formed by a metal-dielectric-metal (MDM) waveguide perpendicularly coupled to a stub structure that is filled with an optically nonlinear medium. Among the recently reported studies on nonlinearity-induced bistability in plasmonic nanostructures, our work stands out because of its pure analytic approach and the considered device geometry. The scattered-field technique that we employ here is hinged on the concepts of circuit theory and the characteristic-impedance model for single-mode MDM waveguides. By properly accounting for surface-plasmon damping, multiple reflections, and the Kerr effect, we obtain a fairly accurate parametric relation connecting the input and output intensities of the device. The impact of changing the operating wavelength and geometrical parameters of the stub on the bistable switching thresholds and the hysteresis loop width is demonstrated using a number of numerical examples. The derived relation is useful for rapid design optimization of plasmonic switches and memories.
INTRODUCTION
Over the past few decades, surface plasmon polaritons (SPPs) that propagate along metallic nanostructures have attracted a considerable amount of attention in the field of nanoscale photonics [1] [2] [3] [4] [5] . Owing to its subwavelength characteristic dimensions and quasi-optical nature, the SPP manifests itself as an ideal candidate for future integrated optics applications [6] [7] [8] [9] [10] . Today, a plethora of devices based on SPPs have been numerically simulated and experimentally realized through sophisticated computational techniques and cutting-edge nanofabrication facilities . Among these, we find not only passive devices such as splitters [11] [12] [13] , multiplexers [14, 15] , wavelength-selective filters [16] [17] [18] [19] , reflectors [20, 21] , interferometers [22, 23] , lenses [24, 25] , and mirrors [26, 27] , but also active devices including plasmon lasers [28] [29] [30] , coherent detectors [31] , switches [32, 33] , and modulators [34, 35] . In many instances, the active control of SPPs in nanoplasmonic devices is mostly accomplished by virtue of various optical nonlinearities. Thanks to the enhanced optical intensities at metal/dielectric interfaces, the desired threshold powers required to trigger the nonlinear effects in these SPP-based devices are relatively small compared to their optical counterparts.
The focus of this paper is directed toward the study of bistable behavior of the nanoscale plasmonic device formed by coupling a metal-dielectric-metal (MDM) waveguide to a stub resonator filled with a Kerr medium. This particular type of heterostructure waveguide is especially selected for our analysis in light of their ability in tight mode confinement and fabrication flexibility [4, 36, 37] . Quite recently, several articles have numerically analyzed the optical bistability effect in the plasmonic gap waveguide with either side-or directcoupled cavity resonators [38] [39] [40] [41] [42] . These resonators are filled with nonlinear materials, and they exist in different forms, such as a rectangular cavity coupled laterally to the main waveguide with a minuscule gap [38, 39] , a nanodisk connected to the waveguide through an aperture [40] , or a FabryPerot cavity inside the waveguide itself [41, 42] . Surprisingly, to the best of our knowledge, bistability of an MDM waveguide when it is coupled to a nonlinear stub has never been analyzed previously.
Our work presents a pure analytical procedure to address the problem of optical bistability in the nonlinear device. We assumed that the intensity-dependent index change in the stub is completely governed by the third-order optical nonlinearity of the material. The operation of ultracompact bistable devices would require materials with large Kerr coefficients as well as the use of high optical powers to achieve a reasonably strong nonlinear response. We begin our study by defining the scattering problem of a T-waveguide geometry formed by replacing the stub section with a branched waveguide. The approach, based on a similar type of scattered-field problem, was proposed in [16] and later supplemented with more accurate scattering coefficients, which were calculated using rigorous finitedifference time-domain (FDTD) simulations [17] . Inevitably, such treatment would be extremely time consuming and, thus, may be difficult to use in device optimizations. In this paper, we devise an analytic approach, which is built upon the wellknown analogy between the single-mode MDM waveguides and microwave transmission lines [11, 19, 43, 44] . Application of circuit theory allows us to find the frequency-dependent scattering coefficients (i.e., reflection, transmission and splitting parameters) of the T-shaped lossy-waveguide structure [45] [46] [47] .
A significant advantage of the scattered-field technique is that it permits one to explicitly relate the electric fields of the forward-and backward-propagating waves in the stub and that of the output wave to the input electric field by the appropriate use of scattering coefficients and multiplebeam interferences inside the stub. The total electric field intensity that can be found from the counterpropagating waves in the stub is particularly important to determine the nonlinearity-induced index change in the cavity. Making use of the average electric field intensity inside the stub as our independent variable, we then formulate a parametric relationship between the input and output intensities of the nonlinear device.
Initially, the accuracy of our theoretical approach is verified for the simplest case of calculating the transmittance through an MDM waveguide with a stub for linear dielectric materials using FDTD simulations. It is shown that the analytical expression for transmittance that we obtained in this case coincides with our previous results [44] . We then show that varying the average intensity inside the stub gives birth to a redshift in the transmission spectra in the case where the stub is filled with a Kerr-type medium. Afterward, the applicability of our analytics in predicting the bistable behavior of the nonlinear device is demonstrated in the continuous-wave regime, and we affirm its validity using numerical examples. Finally, we illustrate the changing pattern of the hysteresis curves for distinct scenarios, such as altering the stub length, width, and operating wavelength.
DESIGN GEOMETRY AND ANALYTICAL MODEL
We consider an MDM waveguide coupled to a single stub filled with a nonlinear Kerr medium (see Fig. 1 ). This threedimensional structure supports SPP modes, which are confined into the small dielectric trench in both the lateral and vertical directions. While the lateral confinement is realized through the metal cladding, the higher effective refractive index in the dielectric core gives rise to vertical confinement via the index guiding [48, 49] . Therefore, when the metal layer thickness t is sufficiently large, one may safely neglect the effects of the substrate. Thus, in this work, we study the transmission characteristics of the structure using a planar MDM waveguide. Let the width and length of the waveguide (stub) to be h and L (w and d), respectively. The permittivities of the dielectric, metal, and nonlinear constituents of the structure are denoted by ε d , ε m , and ε nl . The nonlinear permittivity can be related to the average electric field intensity inside the stub as ε nl ¼ ε l þ χ ð3Þ E 2 S , where χ ð3Þ is the nonlinear coefficient [50] .
An explicit relation between the input and output intensities, jE in j 2 and jE out j 2 , of the MDM waveguide with a single stub can be obtained through the scattering matrix method [16, 17, 47] . This method allows us to find the total electric field (E S ) that resides in the stub, which is required in incorporating the effects due to the index change in the nonlinear medium. In order to obtain this total field, we need to consider the multiple reflections that exist in the stub and the fraction of the input field that couples into the cavity. The scattered fields at the stub-waveguide junction can be calculated by considering the three-port waveguide splitters shown in Figs. 2(a) and 2(b) .
In Fig. 2(a) , we imagine that a transverse-magnetic (TM) SPP wave, propagating in the x direction, is coupled into the waveguide through port 1, where its electric field component is denoted by E þ 1 . At the stub-waveguide junction, this primary wave splits into three secondary waves; those can be identified as the transmitted wave in port 2 (E − 2;1 ), the scattered wave in port 3 (E − 3;1 ), and the reflected wave in port 1 itself (E − 1;1 ). The superscripts þ and − in the fields imply that the wave propagates inward or outward in the corresponding port. To analytically estimate the magnitude of the scattered electric fields at the junction, we may seek assistance from the transmission-line analog of Fig. 2(a) , which is shown in Fig. 2(c) . This simplified representation is valid under singlemode operation, in the event that the operating wavelength, λ, is much larger than the characteristic size of the waveguide, i.e., h ≪ λ and w ≪ λ [11, 19, 44] .
The network formed in Fig. 2 (c) is composed of two transmission lines that correspond to the main and branch waveguides. The characteristic impedances of these lines are
where ω is the angular frequency, ε 0 is the vacuum permittivity, and βðh; ε d Þ is the propagation constant of the fundamental SPP mode in a waveguide of width h, which can be found from the following dispersion relation:
where
, and k is the freespace wave vector [11, 19] . It should be emphasized that, as a good approximation, we discard the intensity dependence of the characteristic impedance of the branch waveguide.
As shown, the incident voltage in port 1 is denoted by V 
Employing the circuit analysis, the voltage reflection coefficient is found to be [45] [46] [47] 
Equating the voltage waves at the junction point A, we can find the relation between the scattering parameters in the form
Then, with assistance from the voltage division rule, The rest of the parameters are specified in the text.
the splitting coefficients for two output arms can be written as
In order to find the relation between the scattered electric fields at the junction [in Fig. 2(a) ], we need to consider the definition of the voltage in a transmission line that represents an MDM waveguide. The voltage is generally defined as the integral of the electric field in the transverse direction [46, 47] . At the optical communication wavelengths, it is well known that the electric field inside the dielectric region of an MDM waveguide is much larger than that in the metal, and its distribution can be assumed almost uniform in the transverse direction [11, 19] . Thus, we may write
h and express other voltages in a similar fashion. Then, using Eqs. (1) and (2), the electric fields in Fig. 2(a) can be obtained in the form
Next, we consider a TM-SPP wave that enters into the splitter shown in Fig. 2 (b) through its port 3. Similar to the previous case, this wave splits into three different waves at the junction. The electric field amplitude of these waves can be readily obtained with the help of equivalent transmission-line network [see Fig. 2(d) ]. Following the circuit theory approach, one may analyze the network to extract the voltage reflection and splitting coefficients at junction B as
As a result, the scattered electric fields in Fig. 2 (b) can be calculated from
After finding these intermediate field components, we are now in a position to find the total electric field in the stub and the output electric field. Let us consider the schematic of the structure shown in Fig. 3 . The forward-and backwardpropagating waves at the stub entrance are denoted by E 
Here, ϕ 0 is the round-trip phase incursion in the stub, ϕ 00 is the exponent of the damping term that accounts for the SPP attenuation inside the stub, and β nl ¼ βðw; ε nl Þ. The SPP reflection coefficient at the stub end can be approximated by the Fresnel formula as R 3 ¼ ðε l − ε m Þ=ðε l þ ε m Þ [44] . Then using Eqs. (3) and (4), the coexisting waves in the stub can be expressed as
To a first approximation, the total electric field amplitude at any arbitrary point inside the stub can be found through the linear superposition of E is the electric field in the input arm just before entering into the stub, and E − 2 is the electric field in the output arm just after leaving the stub. Reflection-induced phase shift and attenuation are taken into account by the factor R 3 .
Then
self is a function of E S , it is quite plausible to write the input electric field intensity, jE þ 1 j 2 at the stub-waveguide junction as a function of E S using Eqs. (5) and (6) as follows:
where Φ ¼ ð1 þ jR 3 j 2 exp ϕ 00 Þðexp ϕ 00 − 1Þ=ϕ 00 ;
In the calculations, one should bear in mind that ϕ, Φ, and Ψ in Eq. (7) are also implicitly related to the average electric field intensity inside the stub. The output electric field can be found as E
(see Fig. 3 ), and thus using Eqs. (3)- (5) along with the identity
we may acquire the output intensity in the form
Incorporating the losses in the main waveguide, one can relate the input and output intensities of the structure in the parametric form
where L 1 and L 2 are the distances from the center axis of the stub to the input and output faces, respectively, and L SPP is the characteristic decay length of the waveguide.
NUMERICAL EXAMPLES AND DISCUSSION
A. Transmittance of a Metal-Dielectric-Metal Waveguide with a Single Stub: Linear Case Before moving onto the nonlinear structures, it is instructive to find the applicability of our analytically derived scattering parameters to the linear case for calculating the transmittance of an MDM waveguide coupled to a single stub. It is clear from Eqs. (8), (9a), and (9b) that the transmittance is given by the relation
where ϕ ¼ 2βðw; ε s Þd and ε s is the dielectric permittivity of the material in the stub. Note that the equation above is derived without using the identity that we employed in Eq. (8) in order to make it consistent with the previous literature [16, 17] . After some rearrangements with a little algebra, one may easily find that Eq. (10) is nothing, but the same equation for transmittance of a waveguide with a single stub that we derived in our recent publication {i.e., Eq. (4) in [44] }. Despite the obvious similarity of the above equation and the analytical expressions for transmittance found in [16, 17] , there are two notable differences that are worth mentioning. First, in the latter derivations, it is assumed that the reflection at the stub end face incurs a phase change alone and adds it to the round-trip phase difference ϕ, whereas in our case, we separately consider this reflection and take both the amplitude and phase changes into account through the Fresnel equation as R 3 . The second is that, instead of the negative sign in between the two terms under the modulus in Eq. (10), the corresponding expression for transmittance in [16, 17] uses a positive sign. The physical reasoning for this peculiar sign difference can be described as follows.
The aforementioned "−" sign in Eq. (10) stems from the difference in the directions of the electric field components in port 2 in the two cases shown in Figs. 2(a) and 2(b) . Undoubtedly, these electric fields should point in counter directions, as the magnetic field directions in the two scenarios are opposite. The bearings of the magnetic fields in port 2 should be selected upon the direction of the magnetic field of the input wave (i.e., H
. This is because of the fact that the transmission-line representation, which we used in Figs. 2(c) and 2(d), assumes that the current propagates in the same direction unless it is a reflected wave, and the current is considered to be proportional to the magnetic field. Now, the reason for the direction of H þ 3 being opposite to the direction of H þ 1 is that the former is actually the reflected wave from the end face of the stub, which should be in the opposite direction to the incident waves (H − 3;1 and H − 3;2 ). The justification for the counterorientation of the magnetic fields of the incident and reflected waves inside the stub is discussed in more detail in [44] . Because the scattering coefficients are calculated through numerical simulations, the phase shift between the two electric fields in port 2 is inherently included into the coefficients themselves in [16, 17] . This may warrant the positive sign selection in the equations for transmittance.
For completeness of this subsection, even though Eq. (10) can be transformed into the previously reported analytic expressions [19, 44] , we illustrate the accuracy of the results obtained through this equation using two numerical examples in Fig. 4(a) . Throughout the text, the Drude-Lorentz model for silver (Ag) in [51] is used to describe the complex permittivity of the metal. The green (blue) curve corresponds to the waveguide and the stub filled with a dielectric material having
25). The closed and open circles represent the FDTD results.
As is evident from Fig. 4(a) , our results are in good agreement with the numerical data, proving their applicability in analyzing the linear plasmonic waveguides.
B. Transmittance of a Metal-Dielectric-Metal Waveguide with a Single Stub: Nonlinear Case Equations (7)-(9) allow us to look at the variation of transmission spectra for different E S values in the case where the stub is filled with a nonlinear Kerr medium. To verify the validity of our analytical results, we compare them with the numerical FDTD data, as shown in Fig. 4(b) for an Ag-dielectric-Ag (ε d ¼ 2:25) waveguide. The nonlinear material in the cavity is characterized by ε l ¼ 2:25 and χ ð3Þ ¼ 2 × 10 −4 μm 2 =V 2 . The geometrical parameters of the waveguide and the stub are as follows:
Figure 4(b) shows the transmission spectra in the range 0:8-1:4 μm for three different electric field intensities, S ¼ 2:5 × 10 3 V 2 =μm 2 (orange). The numerical simulation outcomes for these intensities are shown by the same corresponding colors, but using closed circles, open circles, and asterisks, respectively. A good agreement between the analytical and FDTD results suggests that our treatment for calculating the transmittance of an MDM waveguide with a nonlinear stub is fairly accurate.
As can be clearly seen from Fig. 4(b) , the increased field intensity inside the stub gives rise to a spectral redshift. Indeed, the displacement of the transmittance minima from 1.05 to 1:15 μm can be readily attributed to the nonlinear index change inside the stub, which results due to the 50-fold increase in the average electric field amplitude. Additional calculations also show that the structure exhibits a self-switching action, as the transmittance (at 1:05 μm) jumps from 0.5% to 41.8% when the input intensity is varied from 0:5 V 2 =μm 2 to 2:0 × 10 3 V 2 =μm 2 .
C. Optical Bistability
To illustrate the bistable behavior, we focus on an MDM waveguide coupled to a 800 nm long stub and fix the rest of the parameters to λ ¼ 1:55 μm, h ¼ w ¼ 100 nm, and
It is assumed that the stub and the waveguide are constructed using the same media that we considered in our previous analysis. The solid green curve in Fig. 5 shows the variation of the output intensity as a function of input intensity, which we obtained through Eqs. (9a) and (9b) in parametric form. Interestingly, the characteristic shape of the bistability loop is qualitatively similar to that of the silicon ring resonators [52] . One may notice that, in both of these structures, the resonators are coupled perpendicular to the wave-propagation direction in the waveguides. As can be clearly seen from the figure, the gradual increase of the output intensity with the input disrupts and the transmittance of the system switches from the high to the low state when jE in j 2 ≈ 5:5 × 10 3 V 2 =μm 2 . Further increase of the input intensity results a steady growth of the output intensity. The return path, i.e., the decreasing of the input intensity, does not follow the forward path. Note that, the transition from low to high transmittance of the system occurs at a lower intensity of jE in j 2 ≈ 4:25 × 10 3 V 2 =μm 2 . Indeed, the switching intensities that we considered in this example are sufficiently high to create a significantly large index change inside the stub. This allows us to achieve optical bistability even in subwavelength length scales of the structures in concern.
The blue open circles in Fig. 5 represent the FDTD simulation results of the aforesaid waveguide structure. In order to simulate the bistable nature, we send a pulsed-envelope continuous-wave signal as the input to the structure. The ramp on/off times of the pulse envelope are set to 3000λ, such that the rate of change of the signal amplitude is reasonably small to obtain a steady state input/output relation. Comparison of the analytical and numerical data reveals that our theoretical model is capable of adequately predicting the input/output characteristics of the bistable structure. Despite the marginal disagreement at higher input intensities, this model permits one to approximately predict the switching powers and peculiarities of the bistable regions for different waveguide geometries.
It is worthwhile to study the effects of the variations of stub width, length, and the operating wavelength on the features of the bistability curves. The results, presented in Fig. 6(a reveal that the change of the stub length quantitatively affects the bistable behavior of the waveguide configuration (h ¼ w ¼ 100 nm and λ ¼ 1:55 μm). More specifically, the increase of the stub length reduces the threshold intensity at which the bistable switching occurs and shrinks the width of the hysteresis loop. Apparently, the reduction of the threshold for longer stubs may arise due to the increased nonlinear interaction length.
The impact of stub width on bistability is depicted in Fig. 6 (b) for a waveguide structure having h ¼ 100 nm and d ¼ 800 nm at the operating wavelength λ ¼ 1550 nm. The most notable gain of utilizing a thinner stub is the substantial decrease of the input intensity for optical switching. Clearly, when we make the stub width smaller (lessen the gap between the two metal regions), the electric field intensity inside the stub intensifies and creates a higher nonlinear index change. This, in turn, reduces the requirement of higher threshold intensities for switching.
Finally, we focus on the wavelength dependence of the bistable characteristics of the waveguide configuration. The geometrical parameters of the structure are fixed to h ¼ w ¼ 100 nm and d ¼ 800 nm. As illustrated by Fig. 6(c) , the bistable behavior of the gap-waveguide resonator drastically depends on the operating wavelength λ. A variation of AE0:1 μm from the nominal wavelength (λ ¼ 1:55 μm), dramatically influence not only the threshold switching intensities, but the hysteresis loop widths as well. Further decrease of λ below 1:45 μm gives rise to a failure of the bistability phenomenon.
CONCLUSIONS
In this paper, we have developed a theoretical model that allows one to study the optical bistability effect in plasmonic-gap-waveguide resonators. The structure of nonlinear resonator is simple but unique, and exists in the form of a perpendicular stub coupled to the MDM waveguide. The proposed approach, which relies on the widely known analogy between plasmonic slot waveguides and transmission lines, analytically predicts the scattered electric fields at the stub-waveguide junction. We show that these field components can be used to associate the output intensity with the input intensity by a proper account of the multiple-beam interferences and effects of nonlinearity in the stub together with the SPP attenuation in the lossy-waveguide configuration. The explicit equations that we derived are proved to be valid in predicting the transmittance through an MDM waveguide with a single stub in the presence of either linear or nonlinear dielectric medium in the cavity. The agreement between the analytical results and full-blown FDTD simulation data implies that our work may be beneficial in the design and optimization of nanoscale plasmonic chips.
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